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Newtonian Flow Over Oscillating Two-Dimensional Airfoils
at Moderate or Large Incidence

Hamdi T. Hemdan*
King Saud University, Riyadh, Saudi Arabia

This paper considers the problem of pitching oscillating sharp-edged, two-dimensional thin airfoils in Newto-
nian flow at moderate or large angles of attack. By extending and perturbing the steady flow solution past the
compression surface of such airfoils, simple formulas for the unsteady surface pressure and the aerodynamic
derivative are found. It is shown that moderate angles of attack have a destabilizing effect for certain pivoting
positions, which increases with increasing concavity. On the other hand, pitching oscillations of concave or
convex airfoils at large angles of attack are always dynamically stable.

Nomenclature
a = constant, Eq. (9)
^m» ^-'Wflj
— Cmg = coefficient of pitching moment, in-phase and

out-of-phase components of the damping
derivative

F,F0 = unsteady and steady physical equation of airfoil
FQ = steady nondimensional equation of airfoil,

Eq. (7)
h = distance between pitching axis and vertex
/ = imaginary unity
k - reduced frequency
?,£ = airfoil length, subscript denoting compression

surface
MoojM/j = freestream Mach number, pitching moment
TV = constant, Eq. (10)
Pv>iP>P = freestream pressure, physical and steady

perturbation pressures
PO,PI = unsteady perturbation pressures
PQr,kPQi = real and imaginary parts of P0 at airfoil surface
Plr,kPu = real and imaginary parts of PI at airfoil surface
q = velocity vector
Ri,S,S = unsteady perturbation density, physical shock

functions
SQ,SI = steady and unsteady shock functions
t, t = physical and nondimensional time variables
(7oo,w = freestream velocity and physical velocity in

x direction
u, Ui = steady and unsteady perturbation velocities in

x direction
KO,KI = unsteady perturbation velocities in y direction
v, v = physical and steady perturbation velocities in

y direction
xty,x,y = physical and nondimensional coordinates,

Eq. (7)
a = angle of attack
7 = ratio of specific heats
e = small perturbation parameter
A0 = amplitude of pitching oscillations
oj = circular frequency
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POO,P,P = freestream, physical, and steady perturbation
densities

</>,^ = functions of y —FQ(x)
V = differential operator

I. Introduction

U NSTEADY supersonic flow past two-dimensional air-
foils is receiving great attention in current research. This

is due to the demand for information on the unsteady aerody-
namic forces and the dynamic stability of high-performance
modern aircraft and re-entry space vehicles such as the Space
Shuttle. In view of the fact that experimental work is almost
nonexistent at high supersonic speeds, theoretical study of the
problem becomes the main source of information.

Pitching oscillation of symmetric pointed-nose wedges with
attached shock waves has been studied in great detail. In par-
ticular, the case of small-amplitude pitching oscillation of
wedges was studied by Appleton,1 Mclntosh,2 and Hui,3'4
among others.5'7 The case of large-amplitude slow oscillation
was considered by Kuiken8 and Hui,9 while viscous effects
were treated by Orlik-Ruckemann10 and Hui and East.11 Re-
cently, pitching oscillations of two-dimensional thin airfoils
with pointed noses and curved surfaces at small angles of at-
tack were considered by Hemdan12'13 at moderate supersonic
speeds and in the Newtonian limit. By extending and per-
turbing (for small-amplitude pitching oscillations) a recent
formulation of the hypersonic small-disturbance theory found
by the present author,14 Hemdan derived approximate equa-
tions for oscillating two-dimensional thin airfoils at small an-
gles of attack. Unlike the hypersonic small-disturbance the-
ory, this formulation and its extension to unsteady flow are
both valid for a wide range of supersonic flow extending from
moderate speeds to Newtonian flow. In Ref. 12, Hemdan has
given simple closed-form formulas for the stability derivative
of any airfoil with curved surfaces and has shown that the
pitching oscillations may become dynamically unstable, espe-
cially for pivot positions around the trailing edge of the air-
foil. In Ref. 13, a zero-order theory for unsteady Newtonian
flow at small angles of attack is given. It shows that the curva-
ture tends to decrease the damping derivative for certain pivot
positions, depending on whether the surfaces are concave or
convex, and that the wing may become dynamically unstable.

In three dimensions, pitching oscillations of flat delta wings
and delta wings with conical thickness in Newtonian flow and
with a shock wave detached from the leading edges but at-
tached to the apex of the wing were studied by Hemdan and
Hui15'16 by extending Messiter's17 steady thin shock layer the-
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ory for flat delta wings. Also, the case of a shock wave at-
tached all along the leading edges of a flat delta wing was con-
sidered by Liu and Hui18 by extending Hui's19 steady flow
theory.

In a series of recent interesting papers, Hui and his co-work-
ers20'25 have considered high Mach number flows past two-di-
mensional airfoils including concave, convex, and power law
bodies and three-dimensional wings and aircraft performing
small-amplitude pitching oscillations. Plunging motion also
was considered in Ref. 25. The above investigators have devel-
oped an unsteady Newton-Busemann theory for high Mach
number flows. They also gave analytic formulas for the damp-
ing derivative and characterized the stability of wings. Barren
and Mandl26 also have studied unsteady Newtonian flow past
pitching power law bodies.

In contrast to the case of small angles of attack, pitching
oscillations of thin airfoils with curved surfaces at moderate or
large angles of attack have received very little attention. Prac-
tically speaking, however, the case of large angles of attack is
the one we need to have more information about. This is most
evident from Orlik-Ruckemann's27 survey about aircraft needs
and capabilities. In this survey, Orlik-Ruckemann emphasized
the need for information about the damping derivative in
pitching oscillations at moderate or large angles of attack. Re-
cently, Hemdan28 has given a new analytical solution of the
hypersonic thin airfoil problem at moderate or large angles of
attack in the Newtonian limit. This solution will be outlined
briefly in Sec. II.

The purpose of this work is to study the unsteady flow past-
pitching oscillating thin airfoils in Newtonian flow at moder-
ate or large angles of attack by perturbing the above-men-
tioned steady flow theory to unsteady flow. The same airfoil
considered in Ref. 28 now will be assumed to make small-am-
plitude pitching oscillations. In Sec. II the perturbation
method is used to derive approximate equations for unsteady
flow past such airfoils. In Sec. Ill, a closed-form solution to
the approximate equations derived in Sec. II is given, and in
Sec. IV, a simple formula for the unsteady surface pressure is
derived and used to find the damping derivative. We also pre-
sent results and characterize the stability of oscillations in this
section.

II. Perturbation Theory
Consider a two-dimensional thin airfoil of length ? (physical

quantities will be denoted by a bar) and sharp leading edge to
be performing small-amplitude pitching oscillations about an
axis at a distance h from the leading edge (see Fig. 1). Let the
freestream be at a moderate or large angle of attack a, and let
7 and Mx denote, respectively, the ratio of the specific heats
of the gas and the freestream Mach number. The upper sur-
face of the airfoil very possibly may be an expansion surface.
Since we will be concerned only with the Newtonian limits
7—00 and MOO —oo, the upper surface will have very little ef-
fect and it will be ignored in what follows. Choose a coor-
dinate system Oxy fixed in space such that O is at the apex of
the airfoil (when it is stationary in the plane y = 0) and Ox axis
coincides with some fixed direction, and Oy axis points
downward.

Assuming an inviscid, nonheat conducting, perfect gas, the
unsteady flow equations of continuity, momentum, and en-
ergy for the pressure p(x,J>,7), density p(x,y~t), and the compo-

nents &(x,y,t) and v(x,y,t) of the velocity vector q may be writ-
ten as

P 7 + V - (la)

(Ib)

(Ic)

The subscripts above and in what follows, if not otherwise
stated, denote partial derivatives; t is the time, and V is the
usual differential operator.

The boundary condition at the airfoil surface is that the nor-
mal component of relative velocity vanishes; that is,

where

F(x,y~t)=y-F(x~t) =

(2)

(3)

is the equation of the lower surface during its oscillatory mo-
tion. At the shock wave, we should have

(4a)

(4b)

(4c)

(4d)[qx VS] =

where the square brackets denote the change in the enclosed
quantity across the shock wave and

S(x,y,l)=y-S(x~t) = (5)

is the equation of the shock wave, as yet unknown and to be
found as part of the solution. Equations (4a-4c) are the usual
conservation equations of mass, momentum, and energy
across an oblique shock wave, whereas Eq. (4d) is a vector
equation equivalent to a scalar one expressing the conserva-
tion of the tangential velocity. Equations (4) are sufficient to
find the functions uf v, p, and p just behind the shock in terms
of the freestream conditions and the (unknown) shock wave.
Equations (1), (2), and (4) give the full problem, within the
assumptions stated, that needs to be solved in order to find the
unsteady flow past oscillating wings.

In what follows, we outline briefly the steady Newtonian
flow theory given in Ref. 28, which we will extend and perturb
in this section. Define a small parameter e by

Fig. 1 Oscillating airfoil geometry and coordinate system.

Physically, e is the density ratio across a normal shock wave,
and it obviously approaches zero as 7—! and Moo — oo. Re-
gardless of the value of 7, e is less than 1 for supersonic flow,
equal to 1 for sonic flow, and greater than 1 for subsonic flow.
Thus, e can be used as another alternative (to M^) in classify-
ing flowfields as being subsonic, sonic, or supersonic. Further,
by combining the Newtonian limits 7—! and M^ — oo with a
geometric limiting process in which the airfoil thickness ap-
proaches zero as e-*0 while the angle of attack a remains
fixed, very simple equations giving a correction to the Newto-
nian limits are found and solved easily.

We now extend the above theory to unsteady flow as fol-
lows. Let AO be the amplitude of oscillation, which is assumed
to be small. It can be shown that, when higher order terms in
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X0 are neglected, the equation of the airfoil surface can be ap-
proximated by

where F0(x) is the equation of the lower surface when it is
stationary in the plane y = 0, /is the imaginary unity (in what
follows we take the real part of all complex functions), and w
is the circular frequency. Define new independent variables as

(7a)

(7b)

(7c)

At the airfoil surface, we have

£a tana

Now, assume the following asymptotic expansions as a gener-
alization of the steady flow to the oscillating flow case:

u(x,y,i)

V0(x,y)

Then we get the following systems I-III of equations.

System I
^=0

; + VUy - 0

yx + apy = 0

at

at

, v=Fo(x)

(14a)

(14b)

(14c)

(14d)

(15)

:ner-

(8a)

(8b)

(8c)

(8d)

y i-oiA^ooW, P (i+7Vsin2a)

u = - tan2a [Fo(x) + SQ(X)]

' „', ^ (7V + cosec2a)v r Q\X)-\- &Q\;\) (1+N)

System II

/ a a\( ik + cosa — + v cosa — }Ri + cosa(c7lx + V\y)\ dx dy/

= — cosa cota uy

[ ik + cosa — + v cosa — 1 U\ = 0\ dx dy/

dP0 dV0

^ioct;

(16b)

(16c)

(16d)

(17a)

(17b)

/1 T^\

lkt cota(h —x)

(8e)

where k = wJ/t/o, is the reduced frequency and a is a constant
to be found. Substituting Eqs. (8) into Eqs. (1), (2), and (4)
and retaining the lowest terms in e and XQ, we first get

where

We also get

at

at

/A: + cosa ^- + v cosa -r- )(P0-/?i) = 0 (17d)dx dy1^ ° u ^ '

y =F0(x), Vl =Fo(x)Ul-cota u (18)

1 + N sin2a y = F0(x) + S0(x), Ui = tana
(1 +N) sin2a

2[ik(h-x)-cosct]
M ~ sina(l+A^sin2a)

^ 1>Afoo (10) ^ 2[ik(h x) cosa]
2 ° sina

ik
K0,=0 (11) K' cosaS'W + Sl(X) + 2[a+F^

(cosec2a— N)[ik(h — x) — cosa]
0 sina

System III
have the solution

— a tana P\y = ik seca V\ + V\x + v tana K^
. •• [ik(h — x) — cosa]

(19a)

(19b)

(lye)

(19d)

sina + (p + u)VQx + ikp secaF0+ vx (20)



580 H. T. HEMDAN AIAA JOURNAL

at

ik
cosa Si(x)

[ik(h — x) — cosa]^
sina

+ 2 tana[F0'(*) + S0'(*)] -
2N[ik(h-x)-cosa]

(1+7V) sina (21)

System I is very simple and identical to the one given in Ref.
28 [F0(x) is denoted by F(x) in Ref. 28]. Systems II and III are
linear and give the unsteady flow past pitching oscillating
pointed-nose, two-dimensional thin airfoils at moderate or
large angles of attack, provided that the bow shock is attached
to the wing apex. System III is included in order to get a first-
order theory showing the effects of 7 and M^. The solution of
system I is straightforward and was given in Ref. 28 in the
following form:

S0(x) =

u (x,y) = - tan2a a + F0' y "

(22a)

(22b)

(22c)

As was mentioned in Ref. 28, a basic assumption in deriving
system I is that a remains fixed as e^O. Therefore, system I is
expected to give good results only for moderate or large a and
a nonuniformity should be expected if a. and e have the same
(small) order of magnitude. The function p was not found in
Ref. 28. Since it will be needed for the unsteady flow solution,
we find it in what follows. The general solution of Eq. (14d) is
given by

P=P+4>[y-Fo(x)]

where </> is an arbitrary function to be fixed by the boundary
conditions [Eqs. (16a) and (16b)]. Thus, p is given by

= -(l/a)Fo(x) [y-

27V ,y-F0(x) 2
°\ a ) sin2a(l+7V) (23)

III. Solutions for Unsteady Flow
The function P0 could easily be found from Eqs. (17c) and

(19c) and is given by

a sin2a -Jt)] \y-FQ(x)-ax]

sma [ik(h -jc)-cosa] (24)

Further, the general solution of Eq. (17b) is given by

WJ\ - \l/[y — FQ(X)] — ikx seca

where \l/ is an arbitrary function. Using Eq. (19a), \l/ can be
found and thus we get

'lr OA/I>J*W

>-FQ(x)-ax] (25)

For the purpose of finding the aerodynamic derivative, the
function RI is not needed, and it can be eliminated from Eqs.
(17a) and (17d). Continuing with the preceding exact solutions

for P0 and Ui may prove to be tiresome. Therefore, in what
follows, we will restrict ourselves to small values of k only by
neglecting terms of order O(k2) and higher. Equations (24)
and (25) thus become

a sma

+ 0(A:2)

a cosa

^— [ik(h-x)-cosa]
sma

(26a)

\y-F0(x)-ax] + 0(k2) (26b)

Now, inserting Eqs. (17d), (26a), and (26b) into Eq. (17a) and
then using the boundary condition of Eq. (18), we get V\ as

Vi(x,y) = ik\y-F0(x)] tana
CQSQ, 0 Cosa J

+ tana

+ 0(k2) (27)

This completes the solution of system II. We now proceed to
find the surface pressure P\[x9F0(x)] form system III, since, in
general, the function PI is not needed. Also, the shock wave
function Si is not needed and can be eliminated from Eqs.
(19d) and (21). The result is given by

Pi[x,ax

+ 2(tana - 2) [a + F0'(*)] + -— [ik(h -x)- cosa]sma

(28)

Equation (28) shows that PI at the shock wave is independent
of Si. Now, integrating Eq. (20) from the body \y =F0(x)] to
the shock [y =ax +F0(x)] and using Eq. (28), we get

! [x,FQ(x)] = P! [x, ax + F0(x )] + x cota [ik seca F,

Vlx - ik coseca(2p + u

where J is defined by

y=ax$+F0(x)

(29)

(30)

and

The integrals in Eq. (29) can be found in closed form. If we
write

then,

Plr = (6 tana - 2 cota - 4) [a + FQ(X)]

/tana — 1
\ " /

f . Ncot2a] ^ttf ,+ 2 l-cot2a + —r—— \xF0(x)

4(cot2a-l-7V)
sin2a(l+AO

(3 la)
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„ / 6 tancA 2(h-x) I" ,, , TV
u = 2ax{- — + —— )+-JH —— - \FQ(X) + - — -

\smcx coscx/ sma [_ 1+7V

sec a - 2 A: J

tana
sma cosa # cosa J

r^», x T / 2 cosa + sine* tancA•cotaFoW -x( —————————)L \ sm2o; /

2a(\+N)(h-x)-2Nh
a sina(l + 7V)

+-«•<->-
i

—x coseca cota\xF0(x)

+ 4a —a tan2a — 4N
l+N (31b)

Having found the unsteady surface pressure, we now find
the stability derivative in the following section.

IV. Stability Derivative and Results
With the simple solution above for the unsteady surface

pressure, we derive formulas for the stability derivative as fol-
lows. First, the pitching moment coefficient Cm is given by

c —-*^m —
Mh r j i

= 2 I ——jp [p[x,F(x,'t):t]

(32)

Fig. 2 Variation of -Cme with h for the concave airfoil [F0(Jc)
(<?02*-1), 7 = 1.1, Moo = 6].

ao

2.0

1.0

-c

as 0.6 1.2 1.5 1.8

Fig. 3 Variation of -Cm-g with h for the concave airfoil [Fo(*)
(*°•*-!), 7 = 1-1, MX = 6].

where MA denotes the pitching moment about an axis at a dis-
tance /i for the vertex, £ the lower surface of the airfoil, and p0
the steady physical pressure at airfoil surface when it is sta-
tionary in the plane y = 0. As mentioned before, the upper sur-
face will be an expansion surface at moderate and large angles
of attack and have negligible effect in the Newtonian limit.
Since

where -Cme and —Cmg are, respectively, the in-phase and the
out-of-phase components of the stability derivative, we get the
following formulas for — Cme and — Cm

-Cm, = 2sir (P0r + ePlr)(h-x)dx (33a)

where

(Po/+ePi/X*-*)d* (33b)

2(/t-2x)
sina

Using numerical quadrature, the above integrals can easily be
found. We now can investigate the stability of the pitching
oscillations by drawing curves as follows. In Fig. 2, the varia-
tion of - Cme with h is shown for a = 25 and 60 deg for the
concave exponential airfoil Fo(x) = t (e0-2*- 1) at 7= 1.1 and
MO, = 6. The curves show that increasing a has large increasing
effect on -Cme for /z<0.53 and large decreasing effect for
h >0.53. Figure 3 shows the variation of -Cme with h for the
same airfoil at the same 7, M*, and a as in Fig. 2. It shows
that -C^O for all h when a = 60 deg; however, for a = 25
deg, — Crry is < 0 for a certain range of pivot positions around
/z = 1.0. This shows that, at moderate angles of attack, the
pitching oscillations may become dynamically unstable.

-Cme

1.0

-1.0

-2.0
0 0.2 0.4 0.6 OB 1.0 h

Fig. 4 Effect of surface curvature on -Cme for parabolic airfoils
) = l(0.15jt+ju:2), 7 = 1.1, Moo = 6, a = 25 deg].

-Cn

3.0

2.0

1.0

-1.0
0 0.4 0.8 1.2 h

Fig. 5 Effect of surface curvature on -Cm-e for parabolic airfoils
[Fo(Jc) = 1(0.15*+A**2), 7 = 1-1, Moo = 6, a = 25 deg].
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2.0

1.0

-1.0

-2.0

-Cr

J___L
15 23 31 39 47 55 63

ocdeg

Fig. 6 Variation of -Cme with a for the concave airfoil [Fo(*)=I
(e02*-!), 7 = 1.1, Moo = 6].

2.0

-2.0
15 23 31 39 47 55 63

ccdeg
Fig. 7 Variation of -Cm-0 with a for the concave airfoil [F0(Jc)

= 1-1, Moo = 6].

Figure 4 shows the effect of surface curvature on — Q^ for
a class of parabolic airfoils given by FO(JC)=? (0.15jt + /iX2),
with /*=-0.06 (convex surface), 0 (flat plate), and 0.05
(concave surface) at 7=1.1, M00 = 6.0, and a = 25 deg. It is
shown that for h < 0.68, increasing curvature from convex to
concave increases — Cmg, while for h >0.68 convex curvature
increases — Cme.

Figure 5 shows the variation of — Cm^ with h for the same
class of airfoils considered in Fig. 4 at the same 7, M^, and a.
It shows that, for the convex and the flat-plate airfoil, the
damping derivative is > 0 for all h, but for the concave airfoil
it becomes <0 for certain values of h (around 1.2). Thus, as
deduced before, at moderate angles of attack, the pitching os-
cillations may become dynamically unstable and the concave
curvature tends to decrease the stability for certain pivot posi-
tions (given by h > about 0.8 in this case) or even to make the
airfoil dynamically unstable. On the other hand, for other
pivot positions (//<0.8 in this case), concave curvature in-
creases the stability of the airfoil.

Figures 6 and 7 show the variation of — Cme and — C^ with
a for h = 0 and 1.0 for the concave airfoilF0(x) = J^0-2*-1) at
7=1.1 and Moo = 6. The two figures show that the angle
of attack has a large effect on the stability derivative. Figure 8
shows the stability boundary for the airfoil FQ(x) = ~£
(e°-15*-l), for two cases: 1) 7=1.4, M00 = 59 and 2) 7=1.05,
MOO =10. The figure shows that there is a certain region of
moderate angles of attack for which the pitching oscillations
are unstable and that this instability region enlarges (case 2) as
we approach the Newtonian limit. It is interesting to observe
that by increasing the angle of attack further (to about 70
deg), we again get ariother region of instability (not shown on
figure). But, for such a large incidence, the shock wave be-
comes detached and the present analysis no longer holds.

Although one would expect the existence of a few testing
results in space programs in the United States and other coun-
tries, as well as a few reports of experimental work in ballis-

Stable

0 Q2 (U 0.6 0.8 h

Fig. 8 Stability boundary for the concave airfoil [Fo(*) =

tics, the author could not find such reports to compare with
the present theory. Finally, it should be mentioned that vis-
cous forces, which are neglected here, have considerable effect
in hypersonic flow, particularly at moderate or large angles of
attack.
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